We lay out a general framework for calculating the variation of a set of cosmological observables, down the past null cone of an arbitrarily placed observer, in a given arbitrary inhomogeneous metric. The observables include redshift, proper motions, area distance and redshift-space density. Of particular interest are observables that are zero in the spherically symmetric case, such as proper motions. The algorithm is based on the null geodesic equation and the geodesic deviation equation, and it is tailored to creating a practical numerical implementation. The algorithm provides a method for tracking which light rays connect moving objects to the observer at successive times. Our algorithm is applied to the particular case of the Szekeres metric. A numerical implementation has been created and some results will be presented in a subsequent paper. Future work will explore the range of possibilities.
Aim and Motivation
On the scale of clusters and superclusters, cosmic flows have been the subject of extensive research, usually based on interpreting observations in the light of Newtonian gravitational dynamics, such as the beautiful graphics of Tully et al [1] . In fact, the ability to measure flows on very large scales may not be far off. Current radio astrometry, by analysing decades of data, is able to detect proper motions of extra-galactic objects and even quasars, of the order of a few micro-arc-seconds per year [2, 3, 4, 5] . Interestingly, Krasinski and Bolejko [6] did estimate the rate of "drift across the sky" of sources in inhomogeneous models to be of order 10 −6 arcseconds/year.
To date, cosmic flows have not really been investigated as a feature of inhomogeneous cosmological models. This is due to either the high symmetry of the situations modelled (central observer in a spherically symmetric model) or the complexity of doing the calculation in a non-symmetric model. We here present a general framework for calculating various observables for abitrarily moving observers and sources in an arbitrary spacetime. These observables include redshift, proper motion ("cosmic flow"), area distance and redshift space density, amongst other possibilities. The approach is designed for efficient numerical implementation, and numerical examples will be presented in a subsequent paper, Paper II [7] .
An "inhomogeneous cosmological model" is an exact solution of the Einstein field equations (EFEs) that generically has non-zero density, though regions of vacuum are often possible. To be realistic, the equation of state should be physically acceptable, even if simplified. Any given models can be applied on any scales, since the EFEs have a scale freedom. The study of such models is an important complement to perturbation methods, and Newtonian N-body simulations, since they are fully relativistic and fully non-linear. As measurements become increasingly accurate, the need for exact models will become more apparent. Thus they are very useful regardless of whether there is inhomogeneity on the largest observable scales.
In fact, analyses of observations continue to exhibit "tensions" which hint at anisotropy and even redshift-dependence in the Hubble flow [8, 9, 10, 11, 12, 2, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] . Whilst these have yet to be solidly confirmed on the large scale, it is certain that the structures that are known to exist must have some effect on the smaller scale. Similarly the near-alignment of the dipole, quadrupole and octopole moments in the CMB may conceivably be due to the effect of some large scale structure [28] .
The presence or absence of proper motions on large scales would put constraints on possible models. The development of non-linear models of the observable effects of different structures would assist in interpreting results and calculating constraints. Therefore, it is of considerable interest to investigate how inhomogeneities of different shapes and sizes would affect the perceived Hubble flow and the pattern of peculiar velocities. Perturbation theory is well suited to statistical analysis of fluctuations, whereas the use of exact inhomogeneous models is more appropriate for building specific models and analysing particular observational features. This is a first exploration of the issue.
Our interest here is in determining observations for a given observer in a given spacetime metric. In other words, we seek to use a known inhomogeneous solution of the EFEs to construct a particular model, then see what the observations would be and how they would change. One aim is to develop models which have acceptably small fluctuations at recombination, but which have a measurable flow at later times which may or may not have developed into a strong inhomogeneity, and to check the magnitude of the resultant perturbations of the CMB. Preliminary versions of this work can be found at [29] . This is in a sense the reverse of the 'Observational Cosmology' (OC) approach [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] , and the related Metric of the Cosmos approach [42, 43, 44, 45, 46, 47, 48, 49] or inverse problem [50, 51, 52] . There one defines coordinates based on the observer's PNC, with incoming light rays labelled by observed sky angles and time, and the idea is to use observations plus the EFEs to specify what our spacetime metric is. However these approaches treat our observations as occurring at a single time relative to cosmic timescales, so that the EFEs are needed to evolve the spacetime to the future and past. If, on the other hand, observations are long enough or accurate enough to detect variation on the large scale, then it is more important that each PNC (originating at successive times on the observer's worldline) be constructed in a similar way.
We have recently learned of overlapping work by Korzyński [53] , that also finds formulas for observables using past null geodesics and the geodesic deviation equation, for general sources and observers in general spacetimes. So far, though, it does not have a numerical implementation, and there are important differences in the approach.
Mapping the Fluid Flow to Proper Motion Measurements on an Observer's Sky
Determining the evolution of observations in a general metric is a highly non-trivial matter, primarily because light rays from source to observer at successive times will not cross the same set of intervening spatial points. One can trace a single ray backwards from the observer, and at some point choose the source. But, for light emitted at a later time from that same source, what is the correct direction to follow to arrive back at the observer, given that the spacetime is non-symmetric and dynamic? It is essential to know these light paths in order to calculate the evolution of redshift, diameter or luminosity distance, proper motion, etc. Thus one appears to be saddled with a major numerical exercise. We here propose a method which will give instantaneous rates of change of observations, such as bulk flow patterns, and which will also serve as a guide to numerical light ray tracking methods for determining the longer term evolution of observations. The past null cone (PNC) is the basis of all astronomical measurements. We consider an observer O, with 4-velocity u a o who sets up null cone coordinatesx α = (τ, χ, ϑ, ϕ) centred on her own position. We envisage that the spacetime contains inhomogeneities, and that the metric describes these to some level of accuracy. We do not assume that observer and emitter are each comoving with the local mean flow, though that is the simplest option 1 . The set of light rays that arrive at a particular observer O form a 3-parameter congruence of null geodesics with tangent vector k a . The natural way to label these light rays is with O's right ascension and declination, or with galactic lattitude and longitude, and the time of observation in O's frame. Anything that O sees in a particular direction will be labelled with the same sky coordinates (ϑ, ϕ), and the time of observation τ .
In order to map emission events in spacetime to measurements of the angle and time as observed, we need to Lie drag the observer's (τ, ϑ, ϕ) coordinates down the light rays of her past null cone. By this construction, τ , ϑ & ϕ are constant along each incoming null geodesic. Although it will be convenient to deal with basis vectors below, note that at this point we are primarily mapping scalars (τ , ϑ, ϕ) down the PNCs of observation events, rather than vectors 2 .
The only natural parameter or "distance" down the light ray is redshift, z, as the true distance of a source and the time light was emitted are not measurable. However, z is not guaranteed to be monotonically increasing [54] , and more importantly we will need to integrate down these light rays relative to some parameter. For this purpose it makes sense to construct the affine parameter χ, thus k a = dx a /dχ. To complete the coordinate system, it is sensible to use χ and k b as the last coordinate and basis vector.
We propagate these coordinates as follows, assuming we have a given metric:
(a) choose a set of reference directions at the observer, and set up time-radial-angular coordinatesτ ,r,θ,φ in the observer's vicinity; (b) solve for the PNC -the paths of the incoming light rays; (c) Lie drag the observer's coordinates and basis vectors along the PNC. We now deal with these in turn. The remainder of section 2 deals with calculations down a single ray. Once that is working correctly, extension to many sky directions and many observation times becomes quite easy. See Fig 1 for Fig. 1 Illustration of the observer's coordinate basis. The observer's time, and angle measurements (τ ,θ,φ) are propagated down the PNC from each observation event, and the affine parameterχ along the light rays is the fourth coordinate. The solid lines are the observer's and emitter's worldlines, the light ray from E to O, and two nearby light rays. The dashed curve is the section through O's PNC at the time of emission, a locus of constant (τ ,χ). The observer's 4-velocity is u o and the emitter's 4-velocity is u e . The basis vectors at E areêτ ,êθ,êφ (not shown), and k =êχ. A similar set of basis vectors is shown just out from the observer's position at N .
Propagating the Observer's Coordinates and Basis
(a) Observer's Sky Coordinates & Local Basis For the given metric g ab and coordinates x c , we specify the observer's worldline, O, and at least locally we set up an orthonormal tetrad (ONT) e e with e 0 in the direction of the observer's 4-velocity,
where ∂ a are the coordinate basis vectors and the components e i a define the new basis e i . We allow the observer's worldline to be a general timelike path; the simplest example is for O to be comoving with the fluid flow (the timelike eigenvector of the matter). Since it is always possible to set up local coordinates such that the Christoffel symbols are zero to 1st order, there will be associated coordinates x e in the neighbourhood of O, and x 0 = τ is the observer's proper time. Whether or not this is a coordinate basis, we will only need the e i and their first derivatives at O, and we will construct a coordinate basis from them.
Taking the e 1 , e 2 & e 3 basis vectors to be the directions of (ϑ, ϕ) = (π/2, 0), (ϑ, ϕ) = (π/2, π/2) & ϑ = 0, we convert to a spherical basis 3 , with coordinatesx i = (τ ,r,θ,φ) eτ = e 0 er = sinθ cosφ e 1 + sinθ sinφ e 2 + cosθ e 3 eθ =r cosθ cosφ e 1 +r cosθ sinφ e 2 −r sinθ e 3 eφ = −r sinθ sinφ e 1 +r sinθ cosφ e 2 ,
wherer is a proper radius from O andẽr is a spacelike unit vector pointing outwards from O and orthogonal toẽτ ,ẽθ,ẽφ. Then we convert to a null radial basis vector by writinĝ
obtaining a past null tetrad (PNT) for the observer, associated with coordinatesx i = (τ ,χ,θ,φ)
eτ =ẽτ = e 0 eχ = −ẽτ +ẽr = −e 0 + sinθ cosφ e 1 + sinθ sinφ e 2 + cosθ e 3 eθ =ẽθ =χ cosθ cosφ e 1 +χ cosθ sinφ e 2 −χ sinθ e 3 eφ =ẽφ = −χ sinθ sinφ e 1 +χ sinθ cosφ e 2 ,
and these are the basis vectors that are to be propagated down the observer's PNC. Note thatτ is a null coordinate -it labels particular past null cones 4 .
For clarity, we summarise our conventions for these frames below. Note that the ONT "coordinates" x i and the observer's natural "coordinates"x m will only exist locally.
Coord System/Basis "Coordinates" Basis Index Symbols
The observer's PNC is propagated outwards by means of the null geodesic equation
or rather
which is solved numerically, giving the path of the light ray, the affine parameterχ, and the basis vector
The latter follows from (4) and the choice of ray direction, (θ,φ), via
[k] o =êχ = −e 0 + sinθ cosφ e 1 + sinθ sinφ e 2 + cosθ e 3 .
This ensures that, in O's orthonormal frame, the initial null vector is k α = (−1, 1, 0, 0), or in terms of coordinate components,
This can be made more explicit once a metric is chosen -see later in §3.
(c) Propagating the Past Null Tetrad Beyond the immediate neighbourhood of O, we define the observer's PNC coordinates and basis by Lie dragging them down the PNC. Thus in principle, the basis could be propagated by,
However, this requires knowledge of the transverse derivative, ∂ b k a , which would be an extra numerical calculation. Alternatively, since theê β c obey (9) and k d obeys (6), the geodesic deviation equation holds,
and so the basis vectors {êτ ,êθ,êφ} are deviation vectors linking nearby light rays. Typically, the Christoffel symbols Γ a bc and Riemann tensor components R a bcd are available analytically for a given metric. However, we avoid the transverse derivative in (10) at the cost of having to solve a higher order differential equation (DE) . Just as (6) is preferable to (5) numerically, so numerical integration of the componentsê α a along k b requires that (11) be converted to an equation for d
For this purpose we need initial conditions onê α a and dê α a /dχ at O, which we derive in the next section. We establish under what conditions the resulting basis is a coordinate basis in appendix B.
Once the observer's coordinates have been propagated down the PNC, they provide the transformation between the metric coordinates and the observer's PNC coordinates,
We will see below that what we actually need not justê α a but also its inverseê 
One may therefore consider propagating the dual basis vectors instead, and the DE for this is given in (104).
In principle we now have 4 numerically distinct methods of propagating the observer's basis, which should all agree: (i) Lie dragging then inversion, (ii) geodesic deviation then inversion, (iii) inversion then Lie dragging, (iv) inversion then geodesic deviation. The method pursued below and in Paper II is (ii).
Initial Conditions for the Basis Propagation
To solve (12) requires initial conditions on the observer's PNC basis and their derivatives, at O, i.e. when χ → 0. For eτ , we require that it coincide with u o at O.
The observer-origin limits of the third and fourth of (4) Once k at O is chosen, the one at O ′ must be in the same direction, as perceived by the observer. Therefore it is constructed by Fermi transport of
where the observer's proper acceleration is
Thus, using (15) and (10), we find
If the observer is geodesic, then a b o = 0 and Fermi transport becomes parallel transport. Looking at the second of (4), and noting that
since the variation happens at one point, we obtain
cosθ cosφ e 1 + cosθ sinφ e 2 − sinθ e 3 (23)
Again by (10) we arrive at
and
Our set of initial conditions are (15) , (16), (17), (21), (25) and (26) . These will be applied to a specific example metric and PNT below in section 3.
For the inverse basis propagation DEs (104), the initial conditions are given by (14) at χ → 0 and
Proper Motions and Redshift
The proper motion of a source, is the rate of change of observed angle with respect to observer time. We write
where dx
where τ e is the source proper time,τ o is the observer's proper time, andτ is its extension down the PNC. Clearly, the basis vectors, once propagated, have to be inverted numerically, using (14) .
In particular, referring to (4), these two equations provide us with the redshift and the components of the proper motion. From (29),
(1 + z)
so from (28),
Naturally, dr/dτ o = 0 by construction.
Objective Plane
Given a light ray tangent vector k a , and a unit vector defining a chosen time direction t c , then the spatial direction of the light ray, in the spatial frame of t c is 
since it obeys
An illustration of this is shown in fig 2. The tensors
project orthogonally to t c and v d respectively, and projecting orthogonally to both gives
This defines the emitter's objective plane, but we must select the most appropriate t a . Nowêτ has been propagated by Lie dragging u o along k, and so is not necessarily expected to preserve direction in any sense. Nevertheless,êτ does represent the separation of two emission events that are perceived by the observer to be from the same direction at subsequent times. From this point of view,
It might alternatively be suggested that t a ought to be the parallel propagation of u o along k, viz
though a clear physical argument for this escapes us. However, if we say that the diameter or area distance is the ratio of the physical size of the object when you're right next to it, over the measured angular size, then we should choose
for an object that is comoving with the fluid flow. For cosmologists, this last is how it is normally represented, though only its practical application in FLRW or spherically symmetric (i.e. LT) spacetimes has been looked at.
Basis Directions Compared with line of sight
In an inhomogeneous model, the propagated angular basis vectors,êθ a &êφ b , may not remain perpendicular to the line of sight, and they would develop non-zero values for the dot productŝ 
Calculation of these quantities would indicate how much the angular basis vectors had become "disoriented".
Area Distance
Consider a narrow bundle of incoming light rays emitted by some finite sized object, and subtending observer angles dθ and dφ. The solid angle of this bundle (at the observer) is
As usual, we assume the width of the bundle is everywhere small compared with the cosmological or curvature scales. Out at the emitter, an affine distance χ e or redshift z e away, dθ maps to a physical displacement vector dxθ =êθ dθ, and dφ maps to dxφ =êφ dφ. These are the relative displacements between the points reached by the rays at χ = χ e . A first estimate of the physical area spanned by these vectors would be obtained via the magnitude of the wedge product dxθ ∧ dxφ,
However, as noted in section 2.5 and illustrated in fig 3, the vectors dxθ & dxφ do not necessarily lie in the objective 2-space that's orthogonal to the light rays and the local matter flow.
E m i t t e r dA

Lines of constantχ
Ray directions, constantθ,φ,τ Fig. 3 Illustration of the physical extent of the emitter, projected onto the (θ,φ) plane (green bar), which lies in the constantχ surfaces. Since the constantχ curves (dashed green lines) are not necessarily orthogonal to the light rays, the correct physical area to use is the projection orthogonal to the line of sight (blue bar).
To get the correct area distance, we need the area as projected perpendicular to the line of sight. We could project each of the displacements before taking their wedge product,
However, we rather use the permutation pseudo tensor to find the area enclosed by the ray bundle in the objective 2-space,
The area distance is then
and t b = u b e is the preferred choice.
Number Counts
We wish to relate the density of the given spacetime metric to the observed number counts in redshift space. Consider an element of the PNC 3-surfaces of dimensions dθ, dφ, dχ, as depicted in fig  4, and suppose that N sources are observed within that 'volume', having average mass µ. In principle, µ could be a function of position and time. The redshift-space number density, in units of number per unit redshift per unit solid angle, iŝ
so the mass within the region is dM = µn sinθ dθ dφ dz .
In this subsection, all quantities are evaluated at the emitter.
The physical 3-volume containing those sources is the projection of this null slice perpendicular to the local emitter 4-velocity u a e ,
using dA from (45) . If the metric density is ρ, then the mass in this volume element is
By (30), the redshift displacement corresponding to dχ is
which for comoving emitters is
For non-comoving emitters, one would need to define their 4-velocity as a vector field, in order to calculate (53) . Putting these expressions together, we find
Eq (57) allows numerical computation of the observable number density in redshift space, given the metric quantities and µ.
3 The Szekeres Model
Basics
We now apply the above general framework to the case of the Szekeres (S) metric [55, 56] . This metric is interesting because it is an inhomogneous dust cosmology with 5 physical arbitrary functions of one variable and no symmetries (Killing vectors). There are two families -Datt-Kantowski-Sachslike ("β ′ = 0") and Lemaître-Tolman-Ellis-like ("β ′ = 0"), but the former can be written as a regular limit of the latter [57] . It comes in 3 varieties: quasi-spherical, quasi-planar, and quasi-hyperboloidal. Loosely speaking, the metric can be described as being composed of a sequence of constant-r shells (spherical, planar, or right hyperboloidal) that are arranged non-symmetrically relative to each other, and each of which evolves according to its own set of parameters, as determined by the local values of the arbitrary functions. The arbitrary functions S(r), P (r) and Q(r) determine how non-symmetric the arrangement of shells is, and the arbitrary functions f (r), M(r) and a(r) determine the time evolution of each shell. To be specific, the line element is
where f = f (r) is a curvature-energy function, R = R(t, r) obeyṡ
and M = M(r) is a mass-like function appearing in the "gravitational potential" term of (59). For quasi-spherical regions, it is the gravitational mass within the spherical shell of constant r. The integration of (59) introduces the bang time function a(r) which defines the time on each constant r shell when R(a(r), r) = 0. The 3 arbitrary functions f , M and a and the R(t, r) that depends on them are mathematically the same as in the Lemaître-Tolman (LT) metric [58, 59] .
The evolution of R depends on the value of f , or more correctly, the value of f /M 2/3 . When Λ = 0 the solutions of (59), in terms of a parameter η, are Hyperbolic (f > 0, 0 < η < ∞)
and the time-reverse solutions are also possible.
The function E = E(r, p, q) is given by
and ǫ determines the geometry of the (p − q) 2-surfaces; +1 for spherical, 0 for planar, and −1 for hyperboloidal. In fact a single metric can contain shells of all 3 types. The coordinates (p, q) are related to more usual coordinates on a sphere or hyperboloid, (θ, φ), by a Riemann projection, see e.g. [60] . However, in the latter coodinates the metric is not diagonal 5 .
Although the terms "radius" and "radial" properly apply only in spherical symmetry, we will continue to describe r as a "radial" coordinate with all ǫ values, for lack of better terminology 6 . A key difference though is that quasi-planar and quasi-hyperboloidal models cannot have origins [61] .
The matter content is comoving dust,
t , for which the density is
The comoving requirement breaks down and singularities form, when shells of matter at different r values intersect. Thus, to ensure a regular S model, one needs to check the conditions for no shell crossings [62, 63, 61] are satisfied by the chosen arbitrary functions; these are summarised in [60] .
The S metric contains the Ellis metrics [64] as a special case, when S, P and Q are constant, the LT metric being the ǫ = +1 Ellis metric, and the Ellis metrics contains the dust Friedmann-Lemaître-Robertson-Walker (FLRW) metric as the homogeneous special case. Interestingly, the Szekeres case when f (r), M(r) and a(r) take their FLRW forms,
while S(r), P (r) and Q(r) are free (within the no shell crossing conditions), is also the FLRW metric in non-symmetric coordinates 7 . The Schwarzschild metric is obtained when M, S, P & Q are constant, though care is needed to get good coordinate coverage [63, 67] .
One may think of a Szekeres model as an LT or Ellis model with additional inhomogeneities determined by the dipole functions S, P & Q. This is because the evolution of R(t, r), upon which the evolution of everything else depends, is completely determined by the three functions f , M and a. Therefore it is convenient to group the arbitrary functions into the "LT functions" f , M & a, and the "dipole functions" S, P & Q.
See [63] and [61] for a discussion of the properties of the S metrics, [68] or [69] for a list of citations, and [60] for a well-illustrated summary. See also [66] for an extensive review of this and other inhomogeneous cosmologies.
The Observer Basis DEs
We place the observer at an arbitrary (t, r, p, q) position, and for this implementation we assume both observer and emitter are comoving. At the observer O, an orthonormal basis for (58) , at a general location, is
5 Note that the observer's sky anglesθ &φ are different from the Szekeres coordinate angles θ, φ defined via a Riemann projection, see [60] . 6 There will be no detailed geometric discussion in this paper, within which a disctinction would be necessary. 7 The first statement of this seems to be by Goode and Wainwright in [65] , where they remark at eq (2.24) that zero shear, and hence FLRW, is obtained with β + = 0 = β − . In the present notation this is
Their notation does not allow f to be zero away from an origin, M = 0. See also section 1.3.4 of [66] . For any given initial ray direction, (θ,φ), we find the initial PNC basis vectors by inserting (1) into (4), using (68) for the components of e i a , and taking theχ → 0 limit. The result agrees with (15), (16) & (17):
Note that, by (7) the initial k a is theêχ a given in (69) . Their initial derivatives are found by using (68) in (21), (25) 
and by using (68) 
The commutation coefficients, the Christoffel symbols and their partial derivatives are calculated using GRTensor [70] & Maple [71] . See appendix B for the commutation coefficients.
Area Distance and Redshift Space Number Density
When calculating the area elements and area distance of eqs (43), (45) & (46) , for the Szekeres model we choose comoving emitters,
Similarly for the redshift space number density we get
This section has presented the specialisation of our general framework to the Szekeres inhomogeneous cosmology with comoving emitters and observers. In Paper II, [7] , we shall develop the general framework and Szekeres example into a numerical algorithm coded in MATLAB.
Conclusions
Cosmological observations are becoming ever more precise, and the interpretation of those observations needs increasingly detailed modelling. Amongst the available tools, only 'inhomogeneous cosmologies' are both exact and fully non-linear. Thus understanding the relation between exact inhomogeneities and observations is fast becoming indispensible.
We have set up a clear and simple framework for calculating a set of cosmological observables, for a randomly placed observer, watching arbitrarily moving sources, in a general inhomogeneous spacetime, assuming the metric is given. The framework is based on the null geodesic equation and the geodesic deviation equation. The standard tensor form of these equations, ideal for mathematical manipulation, was recast in terms of total derivatives to make the equations suitable for a numerical treatment. The framework consists of setting up a past null tetrad for an observer with arbitrary position and motion, and then Lie dragging the observer's angle and time coordinates down her past null cone. This results in a numerically calculated coordinate basis, and this basis allows the easy calculation of the redshift and proper motion of any source along the line of sight, as well as the area distance and redshift space number density. Other variables will be considered in future. The discussion in [42] and in [43] regarding source evolution and the use of multicolour observations apply here too.
Our framework is applicable to general observers and emitters in any given spacetime metric, and it combines generality with relative simplicity and numerical efficiency, so it is a valuable tool in its own right. Furthermore, this approach is complementary to the 'Metric of the Cosmos' project, that seeks to derive the metric from observations, in that our framework can provide test data.
A problem often encountered in tracing light rays between source and observer in non-symmetric spacetimes is that rays from the same emitter at successive times are emitted in different directions and arrive at the observer from different directions. Our formalism provides a simple solution to this problem, since the instantaneous rate of change of observed angle is obtained directly from the proper motion.
The essential results from this paper, that a numerical realisation will need, are the PNC definition (4), the numerical null geodesic equation and initial condition (6) & (7), the numerical basis propagation (geodesic deviation) equation (12)/(93) and its alternative for propagating inverse basis (104), the initial conditions for basis propagation (15) , (16), (17), (21), (25) and (26), the redshift (30), the components of proper motion (31) , (32) , the area distance (46) with (45) or (43) , and the redshift space density (57) . The basis tilt equations (41) could also be useful. In addition, for any given metric, such as the Szekeres example above, one would need a choice of ONT (68) , and the specific application of the above (69)-(78).
Paper II will describe the numerical implementation of this framework, and begin the process of exploring observations in a variety of cosmological models of different scales.
A Propagating the Observer's Basis Using the Geodesic Deviation Equation
A.1 Derivation
The standard geodesic deviation equation uses tensor derivatives, which are ideal for physical understanding and for doing covariant calculations. But to actually integrate vector or tensor components along a path, we need to convert the absolute derivatives into total derivatives, and re-write the equation as an ordinary differential equation.
The geodesic deviation equation is
where W a is the deviation vector field, V a = dx a /dv is the vector field for a geodesic congruence, and v is the affine parameter along V a , while (80) applies to a coordinate basis. The requirements for the geodesic deviation construction are that V c is geodesic, and it commutes with W d ,
However, in using (79) to propagate W c along a geodesic congruence, we actually need the variation of the components of
For completeness, we repeat the calculation for a covariant W b , since g ab does not commute with d/dv: A.2 Consistency of (6) & (12) We here check the basis propagation equation (93) with an obvious special case: the propagation of e a χ = k a should be consistent with the geodesic equation. We differentiate the radial geodesic equation (6) to get
while (93), with the substitutions V a = k a = W a & v = χ -that is (12) , becomes (by (81))
The agreement of (111) & (116) supports the validity of (93).
B Commutators
If the propagated basisê α is to be a coordinate basis, then its commutators must all be zero. By construction, that is by (9) and (10), we already have all the [êχ,ê α ] = 0 forêχ = k and all α. By the Jacobi identity, the remaining commutators are preserved by Lie dragging along the PNC -that is, their values on O's worldline are preserved. Near O we find 
The first list need to be all zero (near O), but the second list do not, since they are not preserved by Lie dragging. Note that (117)-(119) all go to zero on O whereχ = 0, and (119) 
These are all finite at a general point, i.e. for a generic observer. The only divergencies occur at a Szekeres "origin", R = 0. Should the observer pass through R = 0, we can takeχ ∼ R nearby, so the commutators of the observer's PNC coordinates remain zero.
